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Xij = Xji = 5 {i↔ j},

















\O® \6® o ®
, Xij ∼ B(p).
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λ = (n − 1)p ¢AUXQaF©jU 3
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$\^ik 	iwmeHanS\^`^\§cyq
o \^lrcmwd\f_kcm\^ejg ¨_Sgthcm\^ejg µ i o  d¶\^l
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$\^ik  o \blycdwm\^S_kcd\feHg\bl_lmU o cdeTe o Us` cmQUcdaj\f`
ej ºcdQSU o UsjwdU*U=l Do \^lrcmwd\f_kcm\^ejg0®~ºejg-lrU H_U*g&cm`^q\fc\blen ¯cdU*g¡$Uslrclr_\§cdU o  ¨ejwpcmQSUcan\^`:cdQangK ¨ejwcmQSU
¢Qej`^U o \blycdwm\^S_kcd\feHg0®ÈÉgi-anwmcm\bth_S`banwcmQS\bl o \^lrcmwd\f_kcm\^ejgQ-ajlag]_S`f`	iSwdejajS\^`f\fcyq ¨eHw
k = 0
¢QSUswmU=ajl
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$Up_Sgt*ejgSgSU=tcdU o \^giSwajtcd\^t*Uj®8»ªejwdU*e©HU*wAcmQU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cmQSU{:w o lrsg]q&\
TVe o Us`)TaFq3-UVlm\fTViS`^q o _SUcmelmejTVUQSUhcdU*wdejjUsgSU*\fcm\^Usl-U*cy¢ºUsU*g©HU*wmcm\bthU=l*«+lreHTVU$U*\^gSTVejwdUt*ejgk
gUstcdU o cmQ-angencdQSU*wls®<' lm\fTViS`^U¢8aFqcmeTVe o Us`kcmQS\bl:iQSU*gSeHTVU*gSeHg\blcdetheHglr\ o UswcmQanc:cmQSU o U*jwdU*U=l 
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®¿¸U¾lr_Sii-e&lrUcmQancºcdQSUzt*ejg o \fcm\^ejg-an` o \^lrcmwd\^S_kcm\^ejg
ej DcdQSU o U*HwmUsUslA\blav	eH\^ldlmejg o \^lrcmwd\^S_kcm\^ejg 3
Ki|{i ∈ q} ∼ P(λq).
P8QU*gcmQSU o \blrcmwd\fS_Scm\^ejg3en 	cmQSU o U*jwdU*U=lA\^laTV\§u]cd_SwmUej )vej\bldlreHg o \blrcmwd\fS_Scm\^ejgllm_tQcmQanc 3
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­k! #" 1 ÈÉgcmQSU ¨ej`^`fe¢\^gS-«¢AU¢\^`f`	_lmUpcy¢AeMU












® AUstsan_lmU¾cmQSUHwdajiSQ\bl8_Sg o \fwdUsthcmU o «kcmQSU=lrUiwmeHanS\^`^\§cd\fU=l8T_lrc-Ulmq]TVUhcmwd\bt
lm_tQcmQanc 3
πq` = π`q .





Xij | {i ∈ q, j ∈ `} ∼ B(πq`).
P8QSUTaj\fg o \f·$UswmUsgthUX¢\fcmQª»ªe o Us` µ &¶A\^lAcdQaccdQSU{}»¥¼¿TVe o U*` o \fwdUsthcm`^q o U=an`bl8¢\§cdQU o jU=l*®
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0± A² ± 0 É° 0³h²8
    
ÈÉgcmQ\^llmUsthcm\^ejgK¢ºUVan\^T acplmQSe¢\^gSMcdQaccdQSUV{}»¥¼½TVe o U*`:t*ajg¥$U_lmU o cde3jU*gU*wan`^\f¹sUTang]q
i-anwmcm\bth_S`banwlrcmwd_thcm_SwdUslen <wdajg o eHTHwdajiSQls®  \^j_wmUMiSwmU=lrUsg&cdllmejTVUcyq]iS\bt*aj`DgSU*cy¢ºeHwm£theHgk¬j_wdan
cd\feHgls®P8QSUV¬wlrcejgSU\blXcdQSUM{:w o  lrÉ*g]q]\<TVe o U*`6®¸KUiSwdUslmU*g&cpQSU*wdUMlmejTVUTVejwdUMlreHiSQS\blycd\^tsacmU o
eHgSUsls®
:
	    Â "01 ang o ejTjwaniSQlA¢\fcmQªanwdS\fcmwanwdq o U*HwmUsU o \^lrcmwd\f_kcm\^ejgls®
P8QU{:w o lrsg]q&\kwang o ejT HwdajiSQVTVe o U*`S\bl:aXi$e&eHw}aniiSwmeFuk\^Tacm\^ejgen +wmU=an`f6¢Aejw o gUhcy¢Aejwd£]l¢QeHlmU
o U*jwdU*U o \blycdwm\^S_kcd\feHg\blQS\^jQS`^qplm£jU*¢AU o ®<' wang o eHTgSUhcy¢Aejwd£XQaF©]\fgcdQSUlmajTVU o UsjwdU*U o \blycdwm\^S_kcd\feHg
aHl8cmQUpU*TViS\^wm\bt*aj`DeHgSUpt*ajgª-Up_S\f`fc¾aHl8 ¨ej`^`^e¢l 3
n
i-anwmcm\ban`0U o jU=l µ ¢\fcmQeHgS`^qejgUlycanwmcm\^gS©jUswrcdUhu
ajg o gSe¥¬-gan`©HU*wmcmUhu¶anwdUwang o ejTV`^q­tQSeHlmU*g¤ ¨wmeHT cmQSU3UsTi\fwd\^tsan` o UsjwdU*U o \^lrcmwd\^S_kcm\^ejgD®¦P8QSU=lrU
i-anwmcm\ban`0U o jU=lanwdUpwang o ejTV`fqxyej\^gSU o &qiaj\fwl8cme ¨ejwdTÀt*ejTViS`^UhcdUpU o HUsl µ lmU*U & ¶h®' i$U*wdT_kcacd\feHg
aj`fHejwd\§cdQST\^lVaj`^lme¥iSwdeji$eHlmU o \^g & ®­P8QS\^lTVe o U*`aHlmlm_STVUslcmQancVcmQSU3theHgSgSUsthcm\^©]\§cyq¡$Uhcy¢AU*Usg­cy¢Ae
©HU*wmcm\bthU=l\^liSwdeji$ejwmcm\^ejgaj`<cmecmQSU o U*HwmUsUMen UsaHtQ¡©jUswrcdUhu¡lre\fct*ej\^gth\ o U=lp¢\fcmQ¡cdQSU\^g o Usi-Usg o U*g&c
tsajlmUzej )cdQSU{}»¼ TVe o U*`DiSwmU=lrUsg&cmU o \^gªZkUstcd\feHgW-® W®
P8QUlmtsan`^Uh6 ¨wmUsUXgSUhcy¢Aejwd£MiSwdeji$eHlmU o ]q & \blaViajwrcd\^t*_S`banwt*aHlrUej <wdajg o ejTjwaniSQ-l8¢\§cdQanwdS\§cdwdajwmq









t*ejgSgUstciSwdUh ¨UswmUsg&cm\ban`^`fqcdQSUXU*`^U*TVU*g&clen )cmQSUeH` o U=lycHwmeH_Sil 3
πq,1 ≥ πq,2 ≥ · · · ≥ πq,q−1,
¢AUXjU*cAcdQSUpldanTVUX£&\^g o en <lrcmwd_tcd_SwmUXajlAcdQSUpldt*an`^Uh6 ¨wdU*U¾Te o Us`O®
:
	    Â   1 ' #`^\^ancm\^ejg3gSUhcy¢Aejwd£+®
'g¥a#`^\^ancm\^ejgªgSU*cy¢ºeHwm£ejwzS\^ianwmcm\fcmUpHwdajiSQ0«$\^lzalmekth\ban`DgUhcy¢Aejwd£\^g¢QS\btQ¥ajthcmejwlajwmUxyeH\fgU o ]q
aKtheHTVTeHg¤iajwrcd\^t*\fi-acm\^ejg¤\fg lrekt*\^aj`AUs©jUsgHcl*«ºthejTViajgS\^Usl-e&anw o leHwlmt*\fUsgHcd\^lrcdl  the&an_kcdQSejwlrQ\fi­ej 
i-ani$U*wl*® '`^`ºcdQSU©jU*wmcm\bthU=lpiajwrcd\^t*\fi-acm\^gS¥cmecdQSU3lmajTUjwdej_Si­ajwmUthejggSUsthcmU o ®P8Q\^lTVe o U*`8Qajl





	    Â " 1 Z&cdajwiancrcmUswmgD®
»¥ang]qªS\^ej`^ejj\bt*aj`DgSU*cy¢ºeHwm£kl¾theHgHcan\^glrcdajw¾i-acrcdU*wdgls«<²7686Tang]qª©HU*wmcm\bthUsl¾theHgSgSU=tcmU o cdecdQSUlmajTVU
©HU*wmcmU*uang o ejg`fqcdeV\§c=«lrUsUX\fg&cmUswdaHtcd\feHggSU*cy¢ºeHwm£klAen   6 *±=² ² 2\fg &  ¨ejw\^glycangt*Uj®<P8QS\bl8cyq]i-U
ej )iancrcdU*wdgTaFq$UTVe o U*`^`fU o ]qang{}»¥¼¿¢\§cdQ3Uhu]cmwa o \banHejgaj`-eHgSUsl8\^g
Π
®
   
	p8
))h! p )      
   !   #"$!%  ! '& '
(  Æ  Æ .´. Æ0/*) 1 ",+ ²-
 8 	 D
	A³. / *± 10 
  d³0n²8O²´³ 	 ² 6±²
 6²´³ ³.  2 j±D³.
 ]² 2h±*10M² 
3²8$³² 	4d°H°$±m³50j²8 * 	76 ³n² Dh³98;:
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o UsjwdU*U o \bly
cdwm\^S_kcd\feHg-¶





























0 1 0 0
1 0 1 0
0 1 0 1
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0± 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 É° 0³h²8
  h±  πq = ∑α`πq` 0 λq = (n − 1)πq 6





ajwmU¾\^g o U*i$U*g o U*g&cs®ºP8QSUptheHg o \fcm\^ejgaj`+t*ejgSgUstcd\feHgiwmeHanS\^`^\§cyqM\bl 3
Pr{i ↔ j | i ∈ q} =
∑
`
Pr{i ↔ j | i ∈ q, j ∈ `}Pr{j ∈ `} =
∑
α`πq` = πq .
P8QU¾wdUslm_S`fc ¨ej`^`fe¢ls®
      &   	  
 !  















  	8	 6 8   ²8 ]²8  ³  
6²-s²8 6³.%n±m³=° q 6
(  Æ  Æ .´. Æ0/*) 1 " 10h°   D ³0  O²-=²8 6        "j±m³=° q   ` ² :

(Aq` ) = n(n − 1)αqα`πq`/2.
8±m³s³. 't*t*ejw o \^gS3cme U*¬gS\fcm\^ejg­W-® ]«
Aq`
\blcmQSUlr_ST e©jUsw




lajwmUX\^g o U*i$U*g o U*g&cs«$lre¢AUQaF©HU
(Ziq Zj`) = αqα`
®AP8QSUwmU=lr_`§c ¨eH`f`^e¢l*®

       &     
P8Q\^lXthe]U #t*\fUsg&c¾\bllr_iSi-e&lrU o cdeTVUsaHlr_wmUcmQSUVanHjwdU*&acm\^©jUpcmwdU*g o en ºajwaniSQD®Z]\^gthUgSeiSwmeHa
\f`^\^lrcm\bt¾TVe o U*`^`f\^gSV\^l8_-lr_aj`f`^qaF©an\^`banS`^Uj«&cmQ\^lt*e]U














ajg o Tauk\fT_ST ©aj`f_SUU &_an`bl
Ki(Ki − 1)/2
 ¨ejwaªt*`f\&_SUj®"' ¬wdlrc
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zU*gSejcm\^gS ∇ cmQSU  cmwd\^ajgSj`^U  t*ejgk¬-j_Swacd\feHg (i ↔ j ↔ k ↔ i) ang o V cdQSU     t*ejgk¬H_Swacm\^ejg
(j ↔ i ↔ k)  ¨ejwMajg]q (i, j, k) _gS\§ ¨eHwmTV`^q¤tQSe&lrUsg \^g {1, . . . , n} «ºcmQSU o U*¬gS\fcm\^ejg en  C tsang -UwdU*iQSwdaHlrU o aHl
c = Pr{∇ | V} ® AUst*aj_lrU ∇ \^laiajwrcd\^t*_S`^ajwt*ajlmUXen  V «S¢AUXQaF©jU 3
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h±²8= ³ *²7 ² " °+±m³  h²8	 ²8 6$.h³±    ³ h±6²D j   k ³   
*D³ ]²¯±  *±* 0
i

 ³   ³ 0 
*D!
   ²8  (i, j, k)  -² .h³± 	76 DS³   ¥²8 {1, . . . , n}
c = Pr{XijXjkXki = 1 | XijXik = 1}.
(  Æ  Æ .´. Æ0/*) 1    
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 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®:P8QSUXwmU=lr_S`fc\blAcmQSUsg3ajgajiSiS`^\^tsacd\feHgej  µ W&¶h® 
   !  ! # !  
P8QUTVe o U*`$iSwmU=lrUsg&cmU o \^gZ]U=tcm\^ejgpt*ang$UwdU*iQSwdaHlrU o ajl:ajg\fg o U*i$U*g o Usg&cº©jUswdlm\^ejgVen +cmQU{}»¼




P8QU¾iwmeHi-Uswrcd\fU=l8en DcdQSU\^g o U*i$U*g o U*g&cTVe o U*`0ajwmUaHlA ¨ej`^`fe¢ls®
?<? ä@ABDC
E
=       
	²8
0± A² ± 0 É° 0³h²8
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\^gZ]U=tcd\feHgMXcmQanc}cdQSUeHlrUswm©HU o g]_ST$U*wºen Dt*ejgSgSU=tcd\feHgl<$Uhcy¢AU*U*gjwdej_Sil:TVaFq$U &_S\fcmU ´ajw: ¨wdejT
U*uki-U=tcmU o ©Faj`f_Usls®
  	)s Â . /	  Æ0Â























~ºeHglr\ o Uswm\^gS¾cmQSU\^g o Usi-Usg o UsgHcAt*ajlmU8iSwdUslmU*g&cmU o \^g  \^j_wmUX¢\fcmQ






c = (0.92 + 0.12)2 ' 0.67 ®¦P8QSUªtheHwmwdUslmi-eHg o \^gS¥{}w o  lyÉsg&q]\ATVe o U*`¢\fcmQ
p = (α1a + α2b)
2 = 1/4
¢ºeH_S` o `^Usa o cdeValrcmwdejg_Sg o U*wdUslrcm\^Tacm\^ejgen 
c
lr\^gthU
c = p = 0.25
®
     %  !

ÈÉg3eHw o UswAcme o U*¬gSUXcmQU`f\^£jUs`f\^QSe]e o ej )cdQSU{}¼X»TVe o U*`6«S¢ºUX_lmUXcmQUpthejTViS`^UhcdUh o aca ¨wdajTUs¢ºeHwm£
o Uh¬gSU o ]q & ®|DUhc¾_l o UsgSencdU X cdQSUlmUhczen :an`^`)U o jU=l 3 X = {Xij}i,j=1..n «+ang o Z cmQSUlrU*czen :aj`f`\^g o \bt*ancmeHwA©ajwm\banS`^UslA ¨eHw©jUswrcd\^t*Usl 3 Z = {Ziq}q=1,Qi=1,n ®
(  Æ  Æ .´. Æ0/*) 1  ³°0	 
















ZiqZj` log b(Xij ; πq`).
8±m³s³. ¸KUQaF©HU






Ziq log αq ,
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°S³k±n± ° 	 É³²¯±
 H
ajg o
b(x; π) = πx(1 − π)1−x ® P8QSU`feHn`f\^£jUs`f\^QSe]e o ej cmQSUejlmU*wd©jU oo ancda\bleHkcdaj\fgU o ]qlm_STVTV\fgcmQSUtheHTi`fU*cmUh o ancdaV`^ejn
`^\^£jU*`^\^QSe]e o e©jU*wan`^`cdQSUi$eHldlm\fS`^U¥©aj`f_SU=lej cmQSUK_SgSeHlmU*wd©jU o ©ajwm\banS`^Usl Z ® gk ¨eHwrcd_SgancmU*`^qj«z\§clmU*UsTlcmQ-acgSelr\^TViS`fUp ¨ejwdTej 	cdQS\bl ¨_Sg-tcm\^ejgt*angª$U o Uswm\^©jU o ®P8QSU*g¥¢ºU o Uh¬gSUpcmQSUthejg o \§cd\feHgan`
U*uki-U=tcdancm\^ejgen 	cmQSUpt*ejTViS`^UhcdUh o aca`^ejj6`^\f£HU*`^\fQe&e o lr_tQcmQ-ac 3















θijq` log b(Xij ; πq`),
µ  n¶
¢QU*wdU
τiq = Pr{Ziq = 1 | X} =

(Ziq | X ),
θijq` = Pr{ZiqZj` = 1 | X} =

(Ziq Zj` | X ).
µ H¶























  ! 	*X)h
ÈÉgpcmQS\bl)lmUsthcm\^ejg¢AU}iSwdeji$eHlmU}ajg µ aniiSwmeFuk\^TacmUF¶+{<É» an`^jeHwm\fcmQT cdeUslrcm\^TacdU<cmQSUAiajwdajTU*cmUswdl ej kcmQSU
{º»¥¼ TVe o U*`]q3Tauk\fT_ST `^\f£HU*`^\fQSe]e o ®pZ]\^gthUcmQSU{}» an`^jeHwm\fcmQSTÀ_lmUslcmQSUQS\ oSo UsgKlrcmwd_tcd_SwdU
ej +cmQSU o acaS«&\§cA\^lºthwd_th\ban`kcde o U*cmUswmTV\^gSUcmQU o Usi-Usg o U*g-thqanTVejgejlmU*wd©jU o ajg o QS\ oSo UsgM©anwd\^ajS`fU=l*®
Z]\^gt*UXcmQSU o ancda_Sg o U*wlrcm_ o qanwdUXwmUsiSwmU=lrUsg&cmU o ajlajwaniQ0«]cmQSU{º»¥¼¿Te o Us`0TaFqM`^e&eH£`f\^£jU
aQS\ oSo UsgK»¥anwd£je©  \fUs` o TVe o U*`6®$e¢AU*©jUsws«+\fcp\^lX\^TVi-eHwrcang&cXcme3gSejcmUcmQancp\§cp\blXgSejcs®P8QSUVTan\^g
wdUsaHlreHg ¨eHwcmQ\^l\^l8cdQacz¢QSU*gª_lm\^gSMaVQS\ oSo U*g»¥anwd£je©TVe o U*`DcmQSUcdeji$ej`^ejHqMen cmQUpjwaniSQgSUsU o l
cde$Uº£]gSe¢gD«=¢QU*wdUsajlD\§c\blDiSwdUst*\^lmU*`^qzcmQSUAwdajg o eHT eHkxyUsthc	_Sg o U*wlycd_ o qX\^gpcmQUº{}»¥¼¦ ¨wanTVU*¢Aejwd£+®
    !   &  % 
P8QU
Xij
lanwdU\fg o U*i$U*g o Usg&ctheHg o \fcm\^ejgaj`f`^qcmecdQSU
Ziq
ls«ºS_ScanwdUTajwmH\fgaj`f`^q o U*i$U*g o U*g&cs®  ejw
U=lycd\fTancm\^ejgMiS_wmi$eHlmUj«]\fcA\blA\fTVi$ejwmcdang&cºcme£&ge¢@\§ 
Pr{Ziq = 1 | X}
\^lAU
&_aj`cde
Pr{Ziq = 1 | Xi}
«
¢QU*wdU Xi \bl8cmQSUlmUhcen an`^` i-e&lmlm\^S`fUXU o jU=lAt*ejgSgUstcd\fg i ® Xi \^l8ej ¯cmUsg3tsan`^`fU o cdQSUlrU*cen )gU*\^jQ]-eHwdlej }©jUswrcdUhu
i
®ÈÉgcmQU ¨eH`f`^e¢\fg«+¢ºUj\^©jUat*ej_Sg&cmUswzU*uSanTViS`^Upcme3lmQSe¢ÓcmQanczcdQSUgSencd\feHg¥en ºgSU*\^jQk
$ejwdQSe]e o tsanggSenc$U_lmU o \fgcdQSU{}»¥¼  ¨wanTVU*¢Aejwd£+®






0 < a < 1
®¥|DUhc_lt*ejglm\ o U*w ª©jUswrcd\^t*Usl
i, j, k
¢\§cdQ
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Pr{Ziq = 1 | X}
o U*i$U*g o lejg
aj`f`+cdQSUgSU*cy¢ºeHwm£Majg o gencejg`fqMeHgU o jU=ltheHgSgSUsthcm\^gScmeVcdQSU©jUswrcdUhu
i
®
P8QS\blªtheH_Sg&cmUswU*ukajTViS`fUth`^Usajwm`^q@lrQe¢lcdQac3gSe gSUs\fHQ&$ejwdQSe]e o t*ajg $U¡thejg-lr\ o U*wdU o \fg cmQSU
{º»¥¼  ¨wdajTUs¢ºeHwm£­lm\^gthU3_Sgt*ejgSgUstcdU o ©jUswrcd\^t*UsliSwde©&\ o UªajlT_tQ \fgk ¨eHwmTancm\^ejg aHltheHgSgSUsthcmU o
©HU*wmcm\bthU=l*®P8QS\bl\^l8¢Q]qcmQSU`^\f£HU*`^\fQe&e o t*ajggSejc-Uplm\fTViS`^\f¬U o  ¨ejwt*ejTViS_kcacd\feHg0®
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AU=t*an_-lrUej cmQSUlycdwmeHgS o U*i$U*g o U*gt*q-U*cy¢ºUsU*g­U o jU=l*«	cmQUslmUV°S³ *±²´³±ªiSwdej-anS\^`f\fcm\^UsllrUsU*T ©jUswmq
o \,#Mth_`§ccde o U*wd\f©HUj®	¸UiwmeHi-e&lrUacy¢ºelrcmUsiajiSiSwdeFu]\^Tacd\feHg0®
 	 Æ 	 . ­S Â=Æ . / 3Ç.´s*.´	). Æ / 1 ÈÉg¥cmQSU¬wlrcXlrcmUsi0«0¢AUajiSiSwdeFu]\^TacdUpcmQUzxyeH\fg&c o \blycdwm\^S_k
cd\feHg3en 	cmQSU
Ziq
l]qMcdQSUpiSwde o _tcej )cdQSU*\^wwdUslmi-U=tcd\f©HUpthejg o \§cd\feHgan` o \^lrcmwd\f_kcm\^ejglj\^©jU*gcdQSUpencdQSU*w
t*e]ejw o \fg-acmU=l*® zU*gSejcm\^gS Zi = {Zi1, . . . ZiQ} ang o Z i = Z \ Zi «S¢AUXlmUhc
Pr{Z | X} '
∏
i
Pr{Zi | X ,Z i}.
µ sH¶
P8QUslmUXajiSiSwdeFuk\fTacdU o \^lrcmwd\f_kcm\^ejg3t*ajg$Upt*aHth_S`bacdU o cmQajgS£kl8cmecmQUX ¨ej`^e¢\fgSiSwdeji$eHlm\§cd\feHg0®
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 Â 1 'iSiwmeFuk\^TVancm\^ejg µ sH¶tsang¦gSenc$U3_lrU o aHlVlr_tQ¦lr\^gt*U Z i \^l_gS£]gSe¢gajg o QajlAcde-UiwmU o \^thcmU o ®}P8QSUplmUst*ejg o lycdU*i3en 	cmQUpaniSiSwdeFuk\fTancm\^ejg\blQSUsgthUXcde¬Suaj`f`
Zj`
l µ
j 6= i ¶cmeªcdQSU*\^wt*ejg o \fcm\^ejg-an`}U*uki-U=tcdancm\^ejgl 3 Ẑj` = τj` ®¥P8QUMi-e&lycdU*wd\feHwpiSwdejajS\^`f\fcm\^Usl τiqT_lrcAcdQSU*wdUh ¨eHwmUldacd\^lr ¨qcmQUX ¨ej`^`fe¢\^gS¬Sui$ej\^g&cwmUs`^ancm\^ejg 3





'tstheHw o \^gScmeaniiSwmeFuk\^Tacm\^ejg µ =j¶h«k¢AU¾cmQSUsgªjU*c
θ̂ijq` = τ̂iq τ̂j`
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( _wiS_Swdi-e&lrUQSU*wdUp\blgSejccme o U*wd\f©HUaMlmi-U=th\f¬-tpthwd\fcmU*wd\^ejgcmelmU*`^UsthccmQUg]_ST$U*wzen <jwdej_il\^gªcmQSU
{º»¥¼ TVe o U*`6®8P8Q\^liSwmeHS`^U*TlmU*UsTl o \#t*_S`fccmeMcdajt£]`^Uj«SU=lri$Ust*\^aj`f`^q$Ustsan_lmUcdQSUp`^ejn`^\f£HU*`^\fQSe]e o
ej DcdQSUejlmU*wd©jU oo ancda
logL(X ) \blgSenctsan`bth_S`banS`^Uj®¸KUºiwmeHi-e&lrU:aQSU*_Swd\blycd\^t:t*wm\fcmUswm\^ejg\^glmiS\^wmU o  ¨wmeHT cdQSU}ÈÉg&cdU*jwacdU o ~ºeHTi`fU*cmU o |0\^£jU*`^\^QSe]e o µ Èm~A|:«
& ¶h®¾P8QUÈm~A|¤t*wm\fcmUswm\^ejgª_-lrU=lcmQUldanTVUpi$U*gaj`§cyqªaHlAÈm~z«$S_kc¾ajiSiS`^\fU=l\fc¾cmQSUthejTViS`^UhcdUh o aca`^ejn





















¸KUajiSiS`^qpcmQUTVUhcmQe o ej`^ejjq o U*©HU*`^eji$U o \fgVcdQS\bl<iani$U*w:cmeajg\^g&cmUswdaHtcm\^ejggSU*cy¢ºeHwm£pej  ajthcmU*wd\ba
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 3 cmQUXlmTan`^`-TVeH`fU=th_S`^Uz\^g&cmUswdaHtcm\^ejgTU*cdaj-eH`f\blrT gUhcy¢Aejwd£$®	ÈÉgcmQS\blAgSUhcy¢Aejwd£+«H©HU*wmcm\bthUsl
ajwmUVtQSUsT\bt*aj`<wmU=ajthcm\^ejgls®PD¢Ae3wmU=ajtcd\feHglXanwdUthejggSUsthcmU o \f a3t*ejTVi-eH_Sg o iSwde o _thU o ]qªcdQSUV¬wlyc
eHgSUX\^lai-anwmc8ej )cdQSUplmUstheHg o ejgSU µ eHw©]\^t*Uh©jU*wldaH¶®P8QS\blgSU*cy¢ºeHwm£\blaF©an\^`^ajS`^U¾anc
θ?biocyc.org  \fc\blTa o U_Siªen 
n = 605
©jUswrcd\^t*Uslajg o cmQSUcdencan`Dg]_ST-Uswen U o jUsl\^l  &k®:¸KU¬wlycajgan`^qklrUXcdQSU
o \^lrcmwd\f_kcm\^ejgen 	cmQSU o U*jwdU*U=lAen U o HUsl8ang o cdQSU*gªaniiS`fqMcmQSU{}»¥¼ TVe o Us`O®
  !$ #" !%     !  ; 
     "$!%  !  & '
" .    Ç<.O*s .´	). Æ / 1 »ang]qXiani$U*wl	th`ban\^TÓcmQanc)cdQSU +\fik $i o   µ j¶0¬Scdl	¢AU*`^`HcdQSU o U*HwmUsUsl0ej jwaniQl*«
_kc)cdQSUslmU8th`ban\^TVlajwmUºwdajwmUs`fq¾ajlmU o ejglycacm\blrcm\bt*an`]thwd\fcmU*wd\baS®	¼¾UsgSU*wan`^`^q¾eHgS`^qXaz`^ejn`^ejiS`^enc\bl)H\f©HU*g0®
È ¢AUt*ejglm\ o U*wcdQSU`^ejj6`^ej3iS`^encejg¡ej_w o ancda µ  \^®K µ a&¶r¶¢AUtsang­lmU*UcdQacVaª`f\^gSU=anw¬Sc o e]Usl
genc¢Aejwd£M ¨eHw`fe¢ o UsjwdU*U=l µ Uj® ®
< 4
¶®8ÈÉgejw o Usw8cmelmU*UpQe¢ cdQSU $\^ik <i o  :¬SclcmeMcmQSUcan\^`)ej cmQSU
UsTViS\fwd\bt*an` o \blycdwm\^S_kcd\feHg ¢AU3thejTViS_ScmUcmQSU3_lm_an`tQS\fÉl &_ajwmUlrcdancm\blycd\^tsl ¨ejw o \f·$UswmUsgHcVcdQSwmU=lrQej` o l*®
P8QU¾TV\^gS\^T_ST tQS\fl &_anwdUU=lycd\fTacdUen 
ρ
anwdU¾t*ejTViS_kcdU o  ¨ejwU=ajtQcmQSwdUslmQSej` o µ lmU*UP)ajS`^Un¶®
¸KUt*ajg¡lrUsUVcmQancpcmQSUM¬Sc\blpgSejcpje]e o Us©jUsg ¨eHwcmQUcdaj\f` o \^lrcmwd\f_kcm\^ejg¡¢\fcmQ­a3QS\^jQ¡©aj`f_SUej 
cdQSUcdQSwmU=lrQej` o ® ( gSUptsangªlmaFqcmQanccmQSU $\fiS  o \^lrcmwd\f_kcm\^ejg3\blejg`fqaVwmeH_SjQ3aniSiwmeFuk\^TVancm\^ejgen cmQSU
cdwm_UzeHgSUj®Èc8\^lAen ¯cdU*g-U*crcmUswlr_S\fcmU o  ¨eHw}cdQSUzcdan\^`$cmQajg ¨eHw}cdQSU¾¢QSej`^U o \^lrcmwd\f_kcm\^ejg0®<ÊencmUzcmQ-ac8cmQSU
¬clmU*UsTl8-U*crcmUsw8 ¨ejwAcmQUzcan\^` -U=t*aj_lrUX¢AUzQ-aF©jU¾`fU=lml o ancda¢QSU*gcmQSUXcdQSwdUslmQSej` o \^gthwdUsaHlrU=l*«]lmecdQac
cdQSUi$e¢ºUswen 	cmQSUtQ\§Él &_ajwmUzcmU=lycz\^l o e¢glr\^¹*U o ®:¸KU¢ºeH_S` o `^\^£jUXcmeQ-aF©jUaVTVe o U*`0¢QS\btQ3\^l¢ºUs`f`
lm_S\fcmU o  ¨eHw8cmQSU¢Qej`^U o \^lrcmwd\f_kcm\^ejgen  o U*HwmUsUsls®
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 \^j_SwdU 3M \fcVen cmQU $\^ik i o  zeHg¡cmQU  6 :³	 ² o ancda®P)eji 3 `^ejj6`^ejªiS`^enc=®¡~ºUsg&cmU*w 3 v:v iS`fejcdl
¢\fcmQcdQSwmU=lrQej` o ©an`^_SU=lU
&_aj`+cmeªpang o ® AencrcdejT 3 QS\blycdejHwdajT en  o U*HwmUsUsl8¢\fcmQªa o xy_-lycdU o i-e¢AU*w
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2 10−9
nS®â j
6 10−4 Hj j® 2  nS®  S
1 10−6
Hk®    
0.22 = k® j n®  n j
0.001
HS®  n
0.24W Hj k®^s ®    n
0.004
  ]®  j
0.36 jj k®âW jS®    n
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  ]®  W




P	an`fU 3 v<ajwdajTU*cmUswAU=lycd\fTancmUslA ¨eHw8cmQSUveH\^ldlreHgTV\fu]cm_SwdUXTe o Us`0ejg o UsjwdU*Usl8¢\fcmQ jwdej_il*®
HwmeH_Si   
α
µ  ¶ ®  s®    kj® 
λ
Sj®â S®^ ® 
ÊencmU¾cdQac8cmQUXldanTVU¾©an`^_SUslAen DcmQSUXiajwdajTU*cmUswdlºen )cmQSUXTV\§u]cd_SwmU o \blycdwm\^S_kcd\feHgQ-aF©jU$U*Usg_-lrU o
 ¨eHwan`^`:cdQSwdUslmQSej` o ©an`^_SUsls® ( gSUt*ajg­lrUsUVcmQanccdQSU¬Sc\^l-U*crcmUswcdQangcdQSU¬Scen 8cmQUi$e¢ºUswp`^aF¢®
P8QUz`bajt£Ven D¬Sc8 ¨ejwºcmQSUzcy¢ºe¬wlyc8`^\fgSU=lA\^l o _SU¾cmeVang_SgSUhuki$UsthcmU o `fqMQ\fHQg]_ST$U*w8ej D©jUswrcd\^t*Usl:¢\fcmQ
cy¢AetheHgSgSUsthcm\^ejgl 3 F©HU*wmcm\bthU=l8QaF©jUXgSeMt*ejgSgSU=tcd\feHg0«SWjWQ-aF©jUXejgSUpt*ejgSgUstcd\feHgªang o =jQaF©jU¾cy¢Ae
t*ejgSgUstcd\feHgls®
 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¶ ajg o Q-aF©jU:¢\fcmQS\^gpiSwdej-anS\^`f\fcyqzt*ejgSgUstcd\f©]\fcyq
HwmU=acdU*w cdQang® S®0Èc	cm_Swdgl0eH_kcDcdQacan`^`jcdQS\bl)t*`f\&_SUsl)ejw)ilrUs_ o ejt*`f\&_SUsl &acdQSU*w)wmU=ajtcd\feHgl \^g]©jej`^©]\fg




P8QU:thejggSUsthcm\^ejgXiSwdejajS\f`^\fcyq-U*cy¢ºUsU*gXjwdej_il:ang o =A\^l<H«=lme8cmQUslmU}Ajwdej_Sil aHtcd_an`^`fq¾theHglycd\§cd_kcmU
a¾th`^\H_U}cdejjU*cmQSUsw)¢Q\^tQVan&an\^gtheHwmwdUslmi-eHg o cmeXa¾lr\^gSj`^U8thejTVi$ej_Sg o ®$e¢ºUs©jUsws«scmQSUsqanwdUºlmU*i-anwacmU o
\^g3cy¢AeMlr_SSt*`f\&_SUsl$Ustsan_lmUen cdQSU*\^w©jUswmq o \f·$UswmUsgHc¾thejggSUsthcm\^©&\fcm\^Usl¢\§cdQªwmU=ajtcd\feHglej HwmeH_SilX=
ajg o jH®	P8Q\^l o \^lrcm\^gthcm\^ejgM\bl o _SUcmecmQSU_lrUzen +cy¢AelrU=theHg o anwdqt*ejTVi$ej_Sg o l:\^g&©Hej`^©jU o \^gwdUsajthcm\^ejgl
ej )HwmeH_Si µ ang o sang o H=¶ºS_kcgencen jwdej_Sis®
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 \^j_SwdU 3 \fcej AcdQSUMvej\bldlreHgTV\fu&cd_SwdUMi o  8eHgcmQSU  6 :³	 ² o ancdaS®PDeHi 3 UsTViS\fwd\bt*an`ºang o ¬ScmcmU o
o \^lrcmwd\f_kcm\^ejgl}¢\§cdQ
Q = 3
jwdej_il µ −   − ¶<ajg o Q = 21 HwmeH_Sil µ −◦− ¶® AencmcmeHT 3 v:v¤i`fejcdl<¢\fcmQgecdQSwdUslmQSej` o ® $&%?'$)(
 ³
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P	an`fUW 3 v<ajwdajTU*cmUsw:Uslrcm\^TacmU=l}ej +cmQSUz{}»¥¼ÓTVe o Us`-¢\fcmQ
Q = 21
th`bajldlrU=l µ ©Faj`f_Usl}lmTan`^`fUsw:cdQang
®â   ajwmU¾Tajlm£jU o  ¨ejwwdUsa o an\f`^\§cyqS¶h®
α(%) 0.7 1.0 1.2 1.3 1.3 1.5 1.5 1.6 1.8 1.8 2.0 2.1 2.3 2.6 2.7 2.8 3.0 3.0 3.3 5.8 56.8
100 64 11 43 2 100
100
100 4 7 1 1
71
100 28 1 18 16
28 100 6
64 58 10 4 7 5 5
63 5 3
11 10 65 1 2 2
43 1 4 67 1
π 62 7 4
(%) 4 7 5 28 5 5
2 7 5 1 5 100 1
6 7 25
1 40
100 18 5 1 5 1 100
2 4 100 6








Tanu]\^Tan`6«an`fcmQSeH_SjQ cdQSU¥TVe o Us`f\^gS o e]U=lMgSejcwdU
&_S\^wmU3cdQS\^ls® Zk\fT_S`^ancm\^ejg lrcm_ o \fU=l µ gSenclmQSe¢g-¶
iwme©HUcmQanc\fcV\^lgSencang¦anwmcm\f ´ajthcen cdQSU3TVUhcmQe o «:¢QS\btQ¤t*ajg o U*cmUsthcVa¥jwdej_Si¤¢\§cdQ¤gSe¢\§cdQS\fg
t*ejgSgUstcd\feHg0®
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¥©jUswrcd\^t*Usl\blVen ¾t*ej_SwlmU_SgwmU=a o ajS`fUH®  \^j_SwdU iwmU=lrUsgHclcmQSUªHwdajiSQ aHla




\fg o \^tsacdUsl¾cmQ-accmQUU o HU
i ↔ j \^liwmU=lrUsgHc=®PDeUsTViSQajlm\^¹*UVcmQUtheHgSgSUsthcm\^ejgl-U*cy¢ºUsU*gKcmQU o \f·$UswmUsg&cjwdej_Si-l*«)¢ºUwdU*eHw o UswmU o cdQSU©HU*wmcm\bthU=lX¢\§cdQS\fg








P8QSU¾$encrcdejT i`fejcA\^g  \^j_SwdU%j\^©jU=l:cdQSUzU=lycd\fTancmU o °S³ *±²´³±iSwmeHan\f`^\§cd\fU=l
τ̂iq
®<¸UXlrUsUcdQac
cdQSU¬wlrcjwdej_Si-lanwdU H_\§cdU¢AU*`^` o Uh¬-gSU o ®P8QUp`^aHlyczejgSU µ k=¶QajlTVeHwmUX ¨_S¹s¹*q3`^\fTV\fcdl 3 \blaHtcm_-an`^`fq
Ta o UXen ©jU*wdq\blreH`^ancmU o wdUsajthcm\^ejglAQaF©]\^gSgSencT_tQ\^gªtheHTTVeHg0®
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